Abstract. We consider the problem of counting the number of rational points on the family of Kummer surfaces associated with two non-isogenous elliptic curves. For this two-parameter family we prove Manin's unity, using the presentation of the Kummer surfaces as isotrivial elliptic fibration and as double cover of the modular elliptic surface of level two. By carrying out the rational point-count with respect to either of the two elliptic fibrations explicitly, we obtain an interesting new identity between two-parameter counting functions.
1. Introduction 1.1. Background. In the theory of algebraic curves, Manin's celebrated unity theorem [5] provides a connection between the certain period integrals for families of algebraic curves and the number of rational points over finite fields F p on them. The correspondence is established using the Gauss-Manin connection and the holomorphic solution for the resulting Picard-Fuchs equation. The classical case is the Legendre family X λ of elliptic curves defined by (1.1) X λ = (x, y) ∈ C 2 | y 2 = x(x − 1)(x − λ) ,
where λ ∈ C − {0, 1} = P 1 − {0, 1, ∞}. Since the family has only one parameter, the solution of the Picard-Fuchs equation involves a special function of one variable. In fact, the number |X λ | p of rational points of X λ over the finite field where 2 F 1,N is the N-truncated Gauss hypergeometric series. Based on this idea, many authors have investigated the relation between point counting functions and special functions on different symmetric groups and curves, for example, the counting method is explored in [8] and [9] , triangle groups in [18] and [20] and other generalization in [3] , and [16] . In this paper, we will establish Manin's unity theorem for a family of algebraic surfaces with two moduli parameters, namely the Kummer surface associated with two non-isogenous elliptic curves. By combining the detailed study of the associated Picard-Fuchs system in [6, 7] with arithmetic techniques, we explore novel arithmetic and geometric aspects of Manin's unity.
Statement of results.
Let us state our main results. Let X λ 1 ,λ 2 be the twoparameter family of Kummer surfaces associated with non-isogenous elliptic curves E 1 and E 2 with modular lambda parameters λ 1 and λ 2 , respectively. Denote by |X λ 1 ,λ 2 | p the number of rational points of X λ 1 ,λ 2 over the finite field F p . We will prove: Theorem 1.1 (Manin's unity theorem for Kummer Surfaces). The counting function F (λ 1 , λ 2 ) = |X λ 1 ,λ 2 | p satisfies the Picard-Fuchs system associated with X λ 1 ,λ 2 .
What makes this surface case more challenging is that the family X λ 1 ,λ 2 depends on two parameters instead one, so that the Picard-Fuchs equation is replaced by a system of coupled linear differential equations with solutions that are special functions of two variables. One way of constructing this Picard-Fuchs differential system is to use an elliptic fibration with section on the family of Kummer surfaces. It is well known that the Kummer surface associated with two non-isogenous elliptic curves admits several inequivalent elliptic fibrations with section [13] . We focus on two particularly simple elliptic fibrations on X λ 1 ,λ 2 to construct the Picard-Fuchs system, namely the isotrivial elliptic fibration and the fibration induced by a double cover of a certain modular elliptic surface. A key step in the proof of the Theorem 1.1 is -similar to the algebraic curve case studied in [18] -to properly account for the contributions from the singular fibers of each elliptic fibration. The equivalence of the two presentations of the Picard-Fuchs system (arising from the two inequivalent elliptic fibrations) and their periods is then governed by a well-known reduction formula by Barnes and Bailey that implies the factorization of Appell's generalized hypergeometric series into a product of two Gauss' hypergeometric functions. By carrying out the rational pointcount with respect to either of those two elliptic fibrations, we obtain an interesting new identity between rational point-counting functions. We will prove the following: Theorem 1.2 (Identity of special functions). Let p be a prime, k 1 , k 2 ∈ C with k 1 + k 2 = 0, and
Then, we have the following identity
(1.3)
1.3. Contents. This article is structured as follows: in Section 2 we review some basic facts about the Appell and Gauss Hypergeometric function, and a reduction formula by Barnes and Bailey that implies the factorization of Appell's generalized hypergeometric series into a product of two Gauss' hypergeometric functions, a multivariate generalization of Clausen's Formula. In Section 3 we introduce the twoparameter families X , Y, Z of elliptic K3 surfaces and compute their Picard-Fuchs systems and period integrals. The family X is the family of Kummer surfaces associated with two non-isogeneous elliptic curves. On X we consider two elliptic fibrations with section, an isotrivial elliptic fibration and an elliptic fibration induced from the double cover of a modular elliptic surface, and the explicit bi-rational transformations between them. Over the moduli space M of unordered pairs of elliptic curves with level-two structure, each surface X admits a rational double cover onto a certain K3 surface Y. Over a covering space M of the moduli space M, each surface Y is isomorphic to a K3 surface Z that has a simple affine model in the form of a twisted Legendre pencil. In Section 4 we will prove Manin's unity for the families of Kummer surfaces X and K3 covers Z, and compute the number of rational points over the finite field F p on both utilizing a counting technique adapted to the elliptic fibrations. In Section 5 we prove Theorem 1.1 and Theorem 1.2.
Hypergeometric functions
2.1. Appell and Gauss Hypergeometric functions. Appell's hypergeometric function F 2 is defined by the following double hypergeometric series
that converges absolutely for |z 1 | + |z 2 | < 1. The series is a bivariate generalization of the Gauss' hypergeometric series
that converges absolutely for |z| < 1. Outside of the radius of convergence we can define both 2 F 1 and F 2 by their analytic continuation. As a multi-valued function of z or z 1 and z 2 , the function 2 F 1 or F 2 , respectively, are analytic everywhere except for possible branch loci. For 2 F 1 , the possible branch points are located at z = 0, z = 1 and z = ∞. For F 2 , the possible branch loci are the union of the following lines
We call the branch obtained by introducing a cut from 1 to ∞ on the real z-axis or the real z 1 -and z 2 -axes, respectively, the principal branch of 2 F 1 and F 2 , respectively. The principal branches of 2 F 1 and F 2 are entire functions in α, β or α, β 1 , β 2 , and meromorphic in γ or γ 1 , γ 2 with poles for γ, γ 1 , γ 2 = 0, −1, −2, . . . . Except where indicated otherwise we always use principal branches. We set α = (α, β, γ) and
It is a Fuchsian 1 equation with three regular singularities at z = 0, z = 1 and z = ∞ with local exponent differences equal to 1 − γ, γ − α − β, and α − β, respectively. Appell's function F 2 satisfies a Fuchsian system of partial differential equations analogous to the hypergeometric equation for the function 2 F 1 . The system of partial differential equations satisfied by F = F 2 is given by (2.5)
This is a holonomic system of rank 4 whose singular locus on P 1 × P 1 is the union of the lines in (2.3). We simply write F 2 (z 1 , z 2 ) and L (1)
and L z for the special functions and differential operators with parameters 2α = 2β 1 = 2β 2 = γ 1 = γ 2 = 1 or 2α = 2β = γ = 1, respectively. We define the N-truncated Appell series to be (2.6)
We have the following:
Corollary 2.1. The truncated Appell series F 2,
Proof. The proof follows by a direct computation similar to Equation (1.2).
For Re(γ) > Re(β) > 0, the Gauss' hypergeometric function 2 F 1 has an integral representation
The following is a well-known generalization for the Appell hypergeometric function:
1 Fuchsian means linear homogeneous and with regular singularities. Lemma 2.2. For Re (γ 1 ) > Re (β 1 ) > 0 and Re (γ 2 ) > Re (β 2 ) > 0, we have the following integral representation for Appell's hypergeometric series
2.2. Quadratic relation between solutions. In [14, 15] Sasaki and Yoshida studied several systems of linear differential equations in two variables holonomic of rank 4. Using a differential geometric technique they determined in terms of the coefficients of the differential equations the quadric property condition that the four linearly independent solutions are quadratically related. For Appell's hypergeometric system the quadric condition is as follows:
Appell's hypergeometric system satisfies the quadric property if and only if
In particular, the quadric property is satisfied for 2α = 2β
Geometrically, the quadric condition corresponds to one of the Hodge-Riemann relations for a polarized Hodge structure. Vidunas derived a formula in [19, Eq. (35) ] that relates the Appell series to two copies of the hypergeometric functions. Here, we present his formula and correct a typographic error. Equation (2.10) is Bailey's famous reduction formula for the Appell series 
Appell's hypergeometric series factors into two Gauss' hypergeometric functions according to
, (2.10)
there is an associated Weierstrass modelπ :X → P 1 with a corresponding distinguished sectionσ obtained by contracting all components of fibers not meeting σ. The surfaceX is always singular with only rational double point singularities and irreducible fibers, andX is the minimal desingularization. If we use [t 0 : t 1 ] ∈ P 1 as coordinates on the base curve and [x : y : z] ∈ P 2 as coordinates of the fiber, we can writeX in the Weierstrass normal form
where g 2 and g 3 are polynomials of degree four and six, or, eight and twelve if X is a rational surface or a K3 surface, respectively. It is well known how the type of singular fibers is read off from the orders of vanishing of the functions g 2 , g 3 and the discriminant ∆ = g 3 2 − 27 g 2 3 at the singular base values. Note that the vanishing degrees of g 2 and g 3 are always less or equal to three and five, respectively, as otherwise the singularity ofX is not a rational double point.
For a family of Jacobian elliptic surfaces π : X → P 1 , the two classes in Néron-Severi lattice NS(X ) associated with the elliptic fiber and section span a sub-lattice H isometric to the standard hyperbolic lattice H with the quadratic form Q = x 1 x 2 , and we have the following decomposition as a direct orthogonal sum
An elliptic fibration π with section σ is called extremal if and only if the rank of the Mordell-Weil group of sections, denoted by MW(π, σ), vanishes, i.e., rank MW(π, σ) = 0, and the associated elliptic surface has maximal Picard rank.
3.2.
Kummer surfaces of two non-isogenous elliptic curves. In [13] Oguiso studied the Kummer surface Kum(E 1 × E 2 ) obtained by the minimal resolution of the quotient surface of the product abelian surface E 1 × E 2 by the inversion automorphism, where the elliptic curves E i for i = 1, 2 are not mutually isogenous. Such a Kummer surfaces are algebraic K3 surfaces of Picard rank 18 and can be equipped with Jacobian elliptic fibrations. Oguiso classified them, and proved that they admit eleven distinct Jacobian elliptic fibrations, labeled J 1 , . . . , J 11 . Kuwata and Shioda furthered Oguiso's work in [11] where they computed elliptic parameters and Weierstrass equations for all eleven different fibrations, and analyzed the reducible fibers and Mordell-Weil lattices.
These Weierstrass equations in [11] are in fact families of minimal Jacobian elliptic fibrations over a two-dimensional moduli space. We denote by λ k ∈ P 1 \{0, 1, ∞} for k = 1, 2 the modular parameter for the elliptic curve E k defined by the Legendre form
The moduli space for the fibrations J 1 , . . . , J 11 is then given by unordered pairs of modular parameters of two elliptic curves with level-two structure. In this paper, the two elliptic fibrations J 4 and J 6 will be of particular importance. Using the Hauptmodul or modular function λ of level two for the genus-zero, index-six congruence subgroup Γ(2) ⊂ PSL 2 (Z) we define the moduli space
where the generator of Z 2 acts by exchanging the two parameters. We also consider the covering space M of the moduli space M given by
It is the elliptic fibration with section, denoted by J 4 , induced from the projection of the abelian surface E 1 × E 2 onto the first factor. An affine model is given by
, where x 1 is considered the affine coordinate of the base curve P 1 . The unique holomorphic two-form (up to scaling) on X λ 1 ,λ 2 is given by Ω = dx 1 ∧ dx 2 /y 1,2 . The fibration is obtained as pencil of elliptic curves on the quotient variety (E 1 × E 2 )/ ı 1 × ı 2 using the invariant coordinate y 1,2 = y 1 y 2 . In turn, the quotient variety (E 1 × E 2 )/ ı 1 × ı 2 is birational to the Kummer surface Kum(E 1 ×E 2 ) since the product involution ı 1 ×ı 2 is the −I involution on the abelian surface E 1 × E 2 . We have the following: Lemma 3.1. Equation (3.5) determines the elliptic fibration with section J 4 on the Kummer surface X λ 1 ,λ 2 = Kum(E 1 × E 2 ) associated with the elliptic curves E 1 , E 2 in Equation (3.2). Generically, the Weierstrass model has four singular fibers of Kodaira-type I * 0 for x 1 = 0, 1, λ 1 , ∞, and a Mordell-Weil group given by (Z/2Z) 2 .
Proof. The proof follows from determining the singular fibers and the Mordell-Weil group of sections of the Weierstrass model in Equation (3.5) and comparing these with the results in [11] .
The factorization of the holomorphic two-form given by Ω = dx 1 ∧ dx 2 /y 1,2 with y 1,2 = y 1 y 2 allows to determine the Picard-Fuchs differential system of the family X λ 1 ,λ 2 . The following Lemma was proven in [7 
where L z is the homogeneous Fuchsian differential operator given in Equation (2.4).
In particular, in the polydisc
The birational transformation given by
changes Equation (3.5) into the equation
and Ω = dx 1 ∧ dx 2 /y 1,2 = dt ∧ dX/Ỹ , whereX,Ỹ are the affine coordinates of an elliptic fiber, and t is the affine coordinate of a base curve P 1 . A section is given by the point at infinity in each fiber. It is easy to show that this fibration is equivalent to the fibration J 6 in [11] . In fact, Equation (3.9) is birationally equivalent to the defining equation of J 6 on X λ 1 ,λ 2 , i.e., (3.10)
and Ω = dt ∧ dX/Ỹ = dt ∧ dX/Y . We make the following Remark 3.3. The automorphism given by
leaves Ω invariant and interchanges λ 1 ↔ λ 2 . Hence, we have X λ 1 ,λ 2 ∼ = X λ 2 ,λ 1 , and X λ 1 ,λ 2 is well defined for every point {λ 1 , λ 2 } ∈ M in Equation (3.3).
We also have the following:
Proof. The proof follows from determining the singular fibers and the Mordell-Weil group of sections of the Weierstrass model in Equation (3.9) and comparing these with the results in [11] .
3.3. A family of K3 covers. We also consider a second family of K3 surfaces Y obtained as the minimal resolution of the total space of the elliptic fibration with section given by
where x,ỹ are the affine coordinates of the elliptic fiber, u is the affine coordinate of the base curve, and a section given by the point at infinity in each fiber. The unique holomorphic two-form (up to scaling) is given by ω = du ∧ dx/ỹ. The degree-two polynomial f λ 1 ,λ 2 is given by
such that Y depends on the moduli λ 1 λ 2 , λ 1 + λ 2 . Hence, we have Y λ 1 ,λ 2 ∼ = Y λ 2 ,λ 1 , and Y λ 1 ,λ 2 is well defined for every point {λ 1 , λ 2 } ∈ M in Equation (3.3). We have the following: Lemma 3.5. Equation (3.12) determines an elliptic fibration with section on the family of K3 surfaces Y λ 1 ,λ 2 . Generically, the Weierstrass model has two singular fibers of Kodaira-type I * 0 for f λ 1 ,λ 2 (u) = 0, two singular fibers of type I 2 for u = 0, 1, a singular fiber of type I * 2 for u = ∞, and a Mordell-Weil group given by (Z/2Z) 2 .
Proof. The proof follows from determining the singular fibers and the Mordell-Weil group of sections of the Weierstrass model in Equation (3.12).
If we set λ i = k 2 i for i = 1, 2, we can re-write Equation (3.12) as (3.14)
where x, y are the affine coordinates of the elliptic fiber, and v is the affine coordinate of the base curve, and ω is the holomorphic two-form given by
and moduli given by
We define a closely related family of K3 surfaces Z = Z z 1 ,z 2 obtained as the minimal resolution of the total space of the elliptic fibration with section given by (3.17)
a holomorphic two-form ω = dv ∧ dx/y and (z 1 , z 2 ) given by Equation (3.16). Recall that the covering space M of the moduli space was defined in Equation (3.4 Proof. Mapping y → i(k 1 + k 2 )y in Equation (3.14) yields Equation (3.17).
Lemma 3.7. Every period integral f (k 1 , k 2 ) of the holomorphic two-form ω for the family of K3 surfaces Z z 1 ,z 2 satisfies
z 1 ,z 2 are the partial differential operators in Equation (2.5) for 2α = 2β 1 = 2β 2 = γ 1 = γ 2 = 1. In particular, in the polydisc {(z 1 , z 2 ) ∈ C 2 | |z 1 |, |z 2 | < 1} a holomorphic solution is given by
Proof. The right hand side of Equation (3.17) matches the denominator of the integrand in Equation (2.8) with 2α = 2β 1 = 2β 2 = γ 1 = γ 2 = 1. In particular, we have
The parameters 2α = 2β 1 = 2β 2 = γ 1 = γ 2 = 1 satisfy the quadric property in Proposition 2.9.
We make the following:
Remark 3.8. The relation between the parameters (z 1 , z 2 ) and (k 1 , k 2 ) in Equation (3.16) is precisely the relation that was given in Theorem 2.4. Therefore, Theorem 2.4 also governs the relation between the Picard-Fuchs system for the family X λ 1 ,λ 2 in Lemma 3.2 and the family Y λ 1 ,λ 2 . In turn, it determines the Picard-Fuchs system for the family Z z 1 ,z 2 in Lemma 3.7. In fact, the difference between the holomorphic solutions in Equation (3.7) and Equation (3.19) when compared with the holomorphic solutions in Equation (2.11) is the twist factor relating the families Y λ 1 ,λ 2 and Z z 1 ,z 2 .
3.4.
Rational double coverings. The two fibrations in Equation (3.12) and Equation (3.9) are connected by a rational base transformation and a twist. To see this, we start with the rational Jacobian elliptic surface in Equation (3.12) over the rational base curve C Y = P 1 . Consider the family of ramified covers ψ λ 1 ,λ 2 :
and by mapping t = 0, ∞ to u = 0. Therefore, the covering ψ has the following three properties: (1) the points u = 0, 1, ∞ have 2 pre-images each with branch numbers zero; (2) there are two additional ramification points not coincident with {0, 1, ∞} with branch number 1, namely the solutions of λ 2 t 2 −λ 1 = 0; (3) the following relation holds
Thus, the Riemann-Hurwitz formula
Thus, we obtain a degree-two rational map Ψ λ 1 ,λ 2 : X Y, given by
We have proved the following: Proposition 3.9. Equation (3.22) defines a rational cover Ψ λ 1 ,λ 2 : X λ 1 ,λ 2 Y λ 1 ,λ 2 of degree two between the Kummer surface X λ 1 ,λ 2 = Kum(E 1 ×E 2 ) associated with the elliptic curves E 1 , E 2 in Equation (3.9) and the elliptically fibered K3 surface Y λ 1 ,λ 2 in Equation (3.12) such that the holomorphic two-forms satisfy Ψ * λ 1 ,λ 2 ω = Ω.
Proof. The proof follows from an explicit computation using Weierstrass models in Equation (3.9) and Equation (3.12), respectively. Substituting Equation (3.22) into Equation (3.12), we obtain Equation (3.9). Using Equation (3.22), one checks that
,
We also consider the rational elliptic surface S that is the minimal resolution of the total space of the elliptic fibration given by
Equation (3.23) is the (constant) quadratic twist of the Legendre family encountered before in Equation (1.1). We have the following:
Lemma 3.10. Equation (3.23) defines an extremal elliptic fibration with section on the rational elliptic surface S. The Weierstrass model has two singular fibers of Kodaira-type I 2 for u = 0, 1, a singular fiber of type I * 2 for u = ∞, and a MordellWeil group of sections given by (Z/2Z) 2 .
Proof. The proof follows from determining the singular fibers and the Mordell-Weil group of sections of the Weierstrass model in Equation (3.23). One checks using the results in [12] that the elliptic fibration is an extremal rational elliptic surface.
This implies the following:
Corollary 3.11. The rational elliptic surface S is the modular elliptic surface for the genus-zero, index-six congruence subgroup Γ(2) ⊂ PSL 2 (Z).
Proof. The proof follows from Lemma 3.10 and the results in [17] .
We also consider the degree-two rational map Φ λ 1 ,λ 2 :
where ψ λ 1 ,λ 2 was given in Equation (3.21). We have the following:
Corollary 3.12. The elliptic fibration with section J 6 on the family of Kummer surface X λ 1 ,λ 2 = Kum(E 1 × E 2 ) associated with the elliptic curves E 1 , E 2 in Equation (3.2) is induced from the modular elliptic surface S for the genus-zero, index-six congruence subgroup Γ(2) ⊂ PSL 2 (Z) by pullback via Φ λ 1 ,λ 2 .
Counting rational points
In the case of a holomorphic family of algebraic curves, Manin predicted a correspondence between the period integrals and number of rational points over F p . In this section, we will generalize this correspondence to the family of Kummer surfaces X λ 1 ,λ 2 = Kum(E 1 × E 2 ) and family of K3 surfaces Z z 1 ,z 2 introduced above.
4.1.
Manin's Unity. We follow the same approach as in the case of algebraic curves to establish Manin's unity for the family of Kummer surfaces X = X λ 1 ,λ 2 and K3 surfaces Z = Z z 1 ,z 2 . However, in contrast to the curve case, we use a different exact sequence to represent elements in H 2 (O X ). Let E be the general fiber of a Jacobian elliptic fibration on X . We have the following: Lemma 4.1. Elements of H 2 (O X ) are non-constant meromorphic functions on X with poles along E, i.e.,
Proof. Consider the short exact sequence
By Serre duality, it follows
Hence,
At a point q ∈ X , denote local coordinates by (z, w) such that the elliptic fiber E ∋ q is given by z = 0 and q is given by (z, w) = (0, 0). In terms of these local coordinates, the holomorphic two-form on X is given by
and, using Lemma 4.1, a nontrivial element s ∈ H 2 (O X ) is represented by
Underlying Serre duality is the residue map over a field k given by
If we consider s a function of the local coordinates, i.e., s = s(z, w), then the residue satisfies
for p ∈ N. We define |X λ 1 ,λ 2 | p to be the number of rational points of X λ 1 ,λ 2 over the finite field F p in its affine model for the elliptic fibration J 6 given by Equation (3.10). We have the following:
The number |X | p of rational points of X = X λ 1 ,λ 2 over F p is given by
where c p−1 is a function of moduli parameters (λ 1 , λ 2 ) of X .
Proof. For the elliptic fibration J 6 given by the affine Equation (3.10), one can write down a Weierstrass normal form in Equation (3.1) such that every (affine) fiber is compactified by adding the point at infinity. This adds to a rational point count a contribution |X ∞ | p . The resulting surfaceX has only rational double point singularities and irreducible fibers. In the standard process of resolving the singular fibers of the elliptic fibration with section [4] , additional rational components are introduced which adds to a rational point-count a second contribution |X sing | p . Thus, the number of rational points of the minimal resolutionX is given by 
where Fr p is the Frobenius endomorphism that maps a point with coordinates (z, w) to the point with coordinates (z p , w p ), and we have used Equation (4.4) . It is easy to check that |X ∞ | p = p + 1 − 2 ≡ −1 mod p where −2 is due to over-counting at the two I * 2 fibers. Thus, to compute |X | p we need to be able to compute the number of rational points that emerge when resolving singular fibers in an elliptic fibration. The singular fibers of the Kodiara type that appear in Lemma 3.4 are I * 2 or I 2 . For later convenience we also include fibers of Kodaira type I * 0 . We denote the number of rational points over the finite field F p that emerge when resolving singular fibers of type I n or I * n by |I n | p or |I * n | p , respectively. We have the following:
Proof. Since I 2 , I * 0 , I * 2 fibers only contain P 1 components, we can count the rational points directly from the corresponding singular fiber diagrams. We obtain:
Thus, we obtain |X sing | p = 1 + 1 ≡ 2 due to the contributions from the two I * 2
fibers. In summary we have, |X ∞ | p + |X sing | p ≡ 1, which implies
We can now prove Manin's unity for the family of Kummer surfaces X λ 1 ,λ 2 . We recall that |X λ 1 ,λ 2 | p is the number of rational points of X λ 1 ,λ 2 over the finite field F p in its affine model given by Equation (3.10). We have the following: Theorem 4.4. The counting function F (λ 1 , λ 2 ) = |X λ 1 ,λ 2 | p satisfies the Picard-Fuchs system associated with X λ 1 ,λ 2 . That is,
where L z is the differential operator in Equation (2.4) for 2α = 2β = γ = 1.
Proof. It follows from Lemma 3.2 that any period integral
where L z is the homogeneous Fuchsian differential operator given in Equation (2.4) with 2α = 2β = γ = 1. Therefore, the holomorphic two-form ω satisfies the inhomogeneous Picard-Fuchs equations
for i = 1, 2, local coordinates by (z, w), and a function f (λ 1 , λ 2 ) at least locally. The pull-back of Equation (4.11) by the Frobenius endomorphism Fr p yields We can also prove Manin's unity for the family of K3 surfaces Z z 1 ,z 2 . We define |Z z 1 ,z 2 | p to be the number of rational points of Z z 1 ,z 2 over the finite field F p in its affine model given by Equation (3.17) . We have the following: Corollary 4.5. The counting function f (z 1 , z 2 ) = |Z z 1 ,z 2 | p satisfies the Picard-Fuchs system associated with Z z 1 ,z 2 . That is,
Proof. We observe that for Z = Z z 1 ,z 2 , we have |Z ∞ | p = p + 1 − 3 ≡ −2, where −3 is due to over-counting at two I * 0 fibers and one I * 2 fiber. Moreover, we obtain |Z sing | p = 1 + 1 + 1 ≡ 3 due to the contributions from two I * 0 fibers and one I * 2 fiber. The rest of proof is then analogous to the proof of Theorem 4.4.
4.2.
Counting rational points on Kummer surfaces. We will now compute the counting function F (λ 1 , λ 2 ) = |X λ 1 ,λ 2 | p from Theorem 4.4. Recall that |X λ 1 ,λ 2 | p is the number of rational points of the family of Kummer surfaces X = X λ 1 ,λ 2 over the finite field F p in its affine model given by Equation (3.10). We have the following: Proposition 4.6. The following identity holds:
Proof. Using standard techniques, we calculate |X | p = |X λ 1 ,λ 2 | p as follows:
where the constants C k will be calculated presently. Setting m = p−1 2
Let us investigate the contribution (a) in more detail. We find
. We obtain (z 1 , z 2 ) is the truncated Appell series in Equation (2.6).
Proof. Using standard techniques, we calculate |Z| p = |Z k 1 ,k 2 | p as follows: We observe that the latter is precisely the truncated Appell series in Equation (2.6).
5. Proof of Theorem 1.1 and Theorem 1.2 Theorem 4.4 implies Theorem 1.1 and was already proved in Section 4. We now prove Theorem 1.2. Let p be a prime, recall the transformation between moduli parameters introduced in Equation (3.16), i.e.,
We have the following: Theorem 5.1 (Affine points counting). For k 1 + k 2 = 0, the following identity holds: m+n=
